Abstract. We study singularities of 2-ruled hypersurfaces in Euclidian 4-space. After defining a non-degenerate 2-ruled hypersurface we will give a necessary and su‰cient condition for such a map germ to be right-left equivalent to the cross cap Â interval. The behavior of a generic 2-ruled hypersurface map is also discussed.
coincides with the singluarity set in our case, while the set of singular points of a noncylindrical ruled surface is contained in its striction curve but may not coincide. In § 4 the proof of our main theorem is completed. In § 5 we discuss generic 2-ruled hypersurfaces. We will define almost non-degenerate 2-ruled hypersurfaces which are generic in the usual sense and are non-degenerate almost everywhere. We prove that the set of 2-ruled hypersurfaces whose map germ at any point is right-left equivalent to the cross cap Â interval or an immersion germ contains an open and dense subset of the space of 2-ruled hypersurfaces.
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Preliminaries and statement of the main theorem
In this section we give the definition of 2-ruled hypersurfaces and state our main theorem.
Let where g : I ! R 4 , d : I ! S 3 and e : I ! S 3 are smooth maps. We assume that the dimension of the vector space hdðtÞ; eðtÞi spanned by d and e is always equal to 2 for any t A I . We call g a base curve and two curves d and e director curves. The planes ðu; vÞ 7 ! gðtÞ þ udðtÞ þ veðtÞ are called rulings. 
0 , e and e 0 are linearly independent,
holds. Since ad À bc 0 0, it holds that l 3 ¼ l 4 ¼ 0 by the last two equations. Now, the first two equations become Recall that x A N is a singular point of a di¤erentiable map f : N ! P between manifolds if rankðdf Þ x < minfdim N; dim Pg. The image of a singular point of a ruled surface map or a 2-ruled hypersurface map will also be called a singular point of a ruled surface or a 2-ruled hypersurface respectively.
Singular points of non-degenerate 2-ruled hypersurfaces are characterized by the following main theorem, by using the notion of the striction curve s which will be defined in the following section.
Theorem 2.5 (Main Theorem). Let F ¼ F ðs; d; eÞ be the map germ of a nondegenerate 2-ruled hypersurface with striction curve sðtÞ at ðt 0 ; u 0 ; v 0 Þ.
(1) The point p 0 ¼ F ðt 0 ; u 0 ; v 0 Þ does not lie on the striction curve (i.e., ðu 0 ; v 0 Þ 0 ð0; 0Þ) if and only if the map germ F is regular at ðt 0 ; u 0 ; v 0 Þ.
(2) If p 0 lies on the striction curve (i.e., ðu 0 ; v 0 Þ ¼ ð0; 0Þ), then the following two conditions are equivalent.
(a) The striction curve sðtÞ is an immersion near t ¼ t 0 . (b) The map germ F at ðt 0 ; u 0 ; v 0 Þ is right-left equivalent to the cross cap Â interval.
Here, a cross cap Â interval means the map germ at the origin of the map defined by
and the right-left equivalence is defined as follows. The curve sðtÞ is called the striction curve of F ðg; dÞ ðt; uÞ.
(2) The striction curve of a noncylindrical ruled surface F ðg; dÞ ðt; uÞ does not depend on the choice of the base curve g.
(3) Every singular point of a noncylindrical ruled surface is contained in the image of the striction curve s. Moreover, at every singular point p 0 ¼ F ðs; dÞ ðt 0 ; u 0 Þ, the ruling through sðt 0 Þ of F ðs; dÞ is tangent to s.
We will define the striction curve of a non-degenerate 2-ruled hypersurface after preparing Lemmas 3.2 and 3.3.
Lemma 3.2. For any 2-ruled hypersurface F ðg; d; eÞ ðt; u; vÞ ¼ gðtÞ þ udðtÞ þ veðtÞ, we can choose director curves d and e such that not only kdk ¼ kek ¼ 1,
We say that the director curves d and e are constrictively adapted if they satisfy the above conditions.
Proof. We may suppose that the director curves d and e satisfy the conditions that kdk ¼ kek ¼ 1 and d Á e ¼ 0. Now, we put 
Proof. Since d 0 and e 0 are linearly independent by the non-degeneracy of the 2-ruled hypersurface F ðg; d; eÞ , we see easily that
So, we can put
Then, sðtÞ ¼ gðtÞ þ f ðtÞ dðtÞ þ gðtÞeðtÞ satisfies the conditions Now, we give some examples. We can easily check that the striction curve coincides with the set of singular points in these examples by a simple calculation.
Example 3.8. We put gðtÞ ¼ ðt; 0; 0; 0Þ, dðtÞ ¼ 0;
and eðtÞ
. This gives a non-degenerate 2-ruled hypersurface whose striction curve is
Example 3.9. We put sðtÞ ¼ ðt
and eðtÞ ¼ 0; 0;
This gives a nondegenerate 2-ruled hypersurface with the striction curve sðtÞ. In this example, the striction curve has a ð2; 3Þ-cusp singularity at t ¼ 0 and is not an immersion at t ¼ 0. 
Proof of the main theorem
Proof of Theorem 2.5. The statement (1) follows directly from Lemma 3.5. So we prove (2) So, the coordinates ðx 1 ; x 2 ; x 3 Þ and ðz 1 ; z 2 ; z 3 ; z 4 Þ are adapted coordinate systems in the sense of Morin [4] . We use the notation: 
Singularities of generic 2-ruled hypersurfaces
In this section, we will define almost non-degenerate 2-ruled hypersurfaces which are generic in the usual sense. They have exceptional rulings where the striction curve cannot be defined and there are no singular points. So, we get Theorem 5.3 which characterizes the singularities of generic 2-ruled hypersurfaces. We will also discuss the behavior of the striction curve near the exceptional rulings.
First, we define an almost non-degenerate 2-ruled hypersurface. It is easy to check that the condition (4) does not depend on the choice of the base curve g. For an almost non-degenerate 2-ruled hypersurface the rulings ðu; vÞ 7 ! gðt i Þ þ udðt i Þ þ veðt i Þ for t i A D are called exceptional rulings. Note that the condition (4) implies that F ðg; d; eÞ is non-singular at any point in the exceptional rulings.
The following lemma shows that there are plenty of almost non-degenerate 2-ruled hypersurfaces, that is, the condition is generic in the usual sense. Proof. First, we put
Then Q 1 is a closed submanifold of codimension 3. Second, we put
dimhdðtÞ; d 0 ðtÞ; eðtÞ; e 0 ðtÞi ¼ 2; t A I g:
Third, we put
We define a C y -map z by z : X C j 1 ðg; d; eÞðtÞ 7 ! detðdðtÞ; d 0 ðtÞ; eðtÞ; e 0 ðtÞÞ A R:
and we see that 0 A R is a regular value for z. So, Q 3 is a closed submanifold of X of codimension 1. Moreover, the set S ¼ f j 1 ðg; d; eÞðtÞ A Q 3 j g 0 ðtÞ A hdðtÞ; d 0 ðtÞ; eðtÞ; e 0 ðtÞi; t A I g is a closed submanifold of Q 3 of codimension 1. By Thom's jet transversality theorem, the set
eÞ is transverse to Q 1 ; Q 2 ; Q 3 and Sg is a residual subset of C y ðI ; R 4 Â S 3 Â S 3 Þ with respect to the Whitney C ytopology. So R is dense in C y ðI ; R 4 Â S 3 Â S 3 Þ. We can easily check that j 1 ðg; d; eÞ is transverse to Q 1 , Q 2 , Q 3 and S if and only if F ðg; d; eÞ is an almost non-degenerate 2-ruled hypersurface. So, R coincides with the set fðg; d; eÞ j F ðg; d; eÞ is an almost non-degenerate 2-ruled hypersurfaceg. Now we prove that R is an open set. Since X is open in
On the other hand, since Q 3 and S are closed submanifolds of X, the set fg A C y ðI ; X Þ j g is transverse to Q 3 and Sg is open in C y ðI ; X Þ. Hence the set
ÞÞ j g is transverse to Q 1 ; Q 2 ; Q 3 and Sg ¼ fg A C y ðI ; X Þ j g is transverse to Q 3 and Sg is open in C y ðI ; J 1 ðI ; R 4 Â S 3 Â S 3 ÞÞ. Since the map
Now, we prove the following theorem which shows that the generic singularities of 2-ruled hypersurfaces are the cross cap Â interval. Since any singularity of a generic smooth map germ of a 3-manifold into R 4 is the cross cap Â interval, the following theorem asserts that the generic singularities of 2-ruled hypersurfaces are the same as those of generic C y -maps of 3-manifolds into R 4 , although the set of 2-ruled hypersurfaces is a thin subset in the space of all C y -maps. We take ðg; d; eÞ A C y ðI ;
where p Here, AðtÞ, BðtÞ and CðtÞ are obtained by replacing e with e 1 in the formulas in Remark 3.7. Note that G and H are C y -functions of the partial derivatives at t ¼ t 0 of the components of g, d and e of order at most two. Then we define a C y -map F by:
To determine the rank of the Jacobian matrix of F at j 2 ðg; d; eÞðt 0 Þ, we calculate the derivative of F with respect to the coordinates of So the rank of the Jacobian matrix is always equal to 2. Hence ð0; 0Þ A R 2 is a regular value of F and T ¼ F À1 ðð0; 0ÞÞ is a closed submanifold of Before closing this section, we discuss the behavior of the striction curve near the exceptional rulings. Let F ðg; d; eÞ be an almost non-degenerate 2-ruled hypersurface. Then F ðg; d; eÞ has the striction curve except for t i A D (see Definition 5.1). Moreover, recall that F ðg; d; eÞ is non-singular at any point in the exceptional rulings. So, the singular points of F ðg; d; eÞ are located only on the striction curve. To study the behavior of the striction curve near a given point t i A D, we take constrictively adapted director curves d and e. By interchanging d and e if necessary, we may assume that e 0 ðt i Þ ¼ kd 0 ðt i Þ for some k A R. Furthermore, since sðtÞ ¼ gðtÞ þ ðBðtÞ=CðtÞÞððAðtÞ=BðtÞÞ dðtÞ þ eðtÞÞ and ðAðtÞ= BðtÞÞ dðtÞ þ eðtÞ ! Àkdðt i Þ þ eðt i Þ as t ! t i , the striction curve near t i has an asymptotic direction Àkdðt i Þ þ eðt i Þ in the exceptional ruling, that is, the two branches of the striction curve approaching to the exceptional ruling from the both sides have the same asymptotic direction. Moreover, by the condition (3) of almost non-degeneracy (see Definition 5.1) we see that a 0 ðt i Þ 0 0, so they diverge to opposite directions (see Figure 1 ).
